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ROBERTS’ TYPE EMBEDDINGS AND CONVERSION OF 
THE TRANSVERSAL TVERBERG’S THEOREM 

S.A. BOGATYI AND V. VALOV 


Abstract. Here are two of our main results: 

Theorem 1. Let V be a normal space with dimV = n and m > n + 1. 
Then the space C'*(Ar, M™) of all bounded maps from X into M"* equipped 
with the uniform convergence topology contains a dense G^-subset consisting 
of maps g such that g{X) n H'^ is at most (n + d — m)-dimensional for every 
d-dimensional plane H^* in M , where m — n < d < m. 


Theorem 2. Let X be a metrizable compactum with dimX < n and m > 
n + Then, G(X, M™) contains a dense G^-subset of maps g such that 
for any integers t, d, T with 0<t<d<m — n — 1 and d < T < m and 
any d-plane H"^ C parallel to some coordinate planes H* C H^ in M™, 
the inverse image has at most q points, where q = d-fl — t-l- 


n -I- (n -I- r — m) (d — t) 

m — n — d 
otherwise. 


if n > (m — n — T){d — t) and q = \ + 


m — n — T 


In case m = 2n + 1, the combination of Theorem 1 and the Nobeling- 
Pontryagin embedding theorem provides a generalization of a theorem due 
to Roberts [20]. Theorem 2 extends the following results: the Nobeling- 
Pontryagin embedding theorem (d = 0, to = T > 2n -|- 1); Hurewicz’s the¬ 
orem [15] about mappings into an Euclidean space with preimages of small 
cardinality (d = 0, n-|-l<TO = r < 2n); Boltyanski’s theorem [6, Theorem 
1] about fc-regular maps {d = k — 1, t = 0, T = m > nk + n + k) and Good- 
sell’s theorem [12] about existence of special embeddings (t = 0, T = to). An 
infinite-dimensional analogue of Theorem 2 is also established. Our results 
are based on Theorem 1.1 below which is considered as a converse assertion of 
the transversal Tverberg’s theorem and implies the Berkowitz-Roy theorem 
[1], [12]. 


1991 Mathematics Subject Classification. Primary: 54F45; Secondary: 55M10, 54G65. 

Key words and phrases, embedding, covering dimension, finite-to-one maps, fc-regular 
maps, Tverberg’s transversal theorem. 

The paper was started during the first author’s visit to Nipissing University in May 2004. 
He thanks NSERG for supporting his visit and COMA Department of NU for hospitality. 
The first author also acknowledges a financial support from RFFI (grant 03-01-00706). 

The second author was partially supported by NSERG Grant 261914-03. 

1 






2 


S. Bogatyi and V. Valov 


1. Introduction 

All maps considered in our paper are continuous and all spaces are assumed 
to be at least completely regular. Everywhere below C denotes a k- 
dimensional, not necessarily coordinate, plane (simply, a /c-plane) in M™. More¬ 
over, if n* and 11^ are two coordinate planes with t < T, we write H* C if 
n* is a linear subspace of 11^. If not explicitely stated otherwise, all function 
spaces in the paper are equipped with the source limitation topology. 

Our goal is to prove Theorem 1.1 below and provide some applications of this 
theorem. 

Theorem 1.1. Let Ajj, i = 1,2, ...,g and j = 1,2, ...,nj -|- 1, be points in 
such that the set of their coordinates is algebraically independent. Suppose 
0 < t < d < T < m and 11'^ is a d-plane in R™' parallel to some coordinate 
planes 11* C If^ C R™'. If either d — t + 1 < q and ni + n 2 + ... + Ug + 1 < {m — 
d){q — l) — {T — d){d — t) or q < d — t + 1 andni+n 2 + ...+nq + l < (m —T)(g —1), 
then there exists i G {1, 2,..., q} such that 11'* doesn’t meet the linear hull n(Mj) 
of the set Mi = ..., 

The hrst part of Theorem 1.1, when t = 0, T = m and d — t + 1 < q, was 
stated as a conjecture in [3, Conjecture 2] and [5, Conjecture 4.2]. 

Recall that a real number v is called algebraically dependent on the real 
numbers Ui, ...,Uk if n satishes the equation po{u) + pi{u)v + ... + Pn{u)v"' = 0, 
where po{u), ■■■,Pn{u) are polynomials in ui, ...,Uk with rational coefficients, not 
all of them 0. A hnite set of real numbers is algebraically independent if none 
of them depends algebraically on the others. 

Corollary 1.2. Let K be a finite simplicial complex, 9: K ^ R™' a semi- 
linear map and e > 0. Then there is a semi-linear map g: K ^ R™ such that 
d{g{v),6{v)) < e for each uertex v of K, and for any integers n,d,t,T with 
0<t<d<m — n — 1 and d < T < m, and any d-plane 11'* C R™' parallel 
to some coordinate planes 11* C 11'*’ C R™, the number q of pairwise disjoint 
simplexes of K of dimension < n whose images under g intersect 11'* satisfies 

, , ^ n + (n + T — m)(d — t) i \ 

the inequalities: q < a-|-l—1-|-;- ijn > [m — n — I ){d — t) 

m — n — d 

Tl 

and g < 1 H- if n < {m — n — T)(d — t). 

m — n — T 

The idea to use algebraically independent sets for proving general position 
theorems, like Corollary 1.2, was originated by Roberts in [20]. This idea was 
also applied by Berkowitz and Roy in [1] where they stated a version of Corollary 
1.2 with t = 0 and T = m. A proof of the Berkowitz-Roy theorem was provided 
by Goodsell in [13, Theorem A.l] (see also [12] for another application of the 
Berkowitz-Roy theorem). 
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Here are some applications of Corollary 1.2. 

Theorem 1.3. Let f:X Y be a perfect map between paracompact spaces 
such that dim / < n and dimF = 0. Then, for every m > n + 1, C*(X, 
contains a dense Gs-subsetH of maps g such that dim g{f~^{y))nll‘^ < n+d—m 
for every y &Y and every d-plane H*^ C M*” with m — n < d < m. 

Corollary 1.4. Let X be a normal space with dimX = n and m > n +1. Then 
C*(X, M’”) equipped with the uniform convergence topology contains a dense 
Gs-subset TL consisting of maps g such that g{X) fl H'^ is at most {n + d — m)- 
dimensional for every d-plane H*^ C with m — n < d < m. 

Let show how Corollary 1.4 follows from Theorem 1.3. Considering the Cech- 
Stone compactihcation j3X of X and the function space G{PX,MX) instead, 
respectively, of X and C*(X,R™'), we can suppose that X is compact. Then 
take / to be a constant map on X and apply Theorem 1.3. 

Roberts proved in [20, Theorem 1.2] that if X is a compact metrizable space 
of dimension < n and n+l<d<2n+l, then C(X, with the uni¬ 

form convergence topology contains a dense G^-subset consisting of maps g 
such that dim 5 f(X) fl H'^ < d — n — 1 for every d-plane H'^ C Using this 

result and the Hurewicz theorem about metrizable compactihcations preserv¬ 
ing dimension, Roberts derived the existence of such embeddings for separable 
metrizable spaces of dimension < n. Obviously, this results of Roberts follow 
from the combination of Corollary 1.4 and the Nobeling-Pontryagin embedding 
theorem. 

When d < m — n — 1, Theorem 1.3 doesn’t work. But next theorem shows 
that, in this case, we can prove something more, we can hnd a residual subset of 
G*{X, R™') consisting of maps g such that g{f~^{y)) H H'’* is hnite for any y & Y 
and any d-plane in R™'. 


Theorem 1.5. Suppose f ■. X ^ Y is a perfect map between metrizable spaces 
with dim / < n and dimU < 0. Then, G*(X, R™) contains a dense Gs-subset 
/C of maps g such that, for any integers d, t, T with 0 < t < d < T < m and 
d < m — n — 1 and any d-plane H'’* C MX parallel to some coordinate planes 


n‘ C C R™ 
where q = d + 1 
g = 1 + 


each set f ^{y) Ci g y 

n + {n + T — m){d — f) 


t + 


m — n 


d 


E Y, has at most q points, 
if n > {m — n — T){d — t) and 


m 


n 


T 


otherwise. 


Taking Y in Theorem 1.5 to be a point, m = n-|-2, d=l, t = 0 and T = r 
we obtain next corollary. 


Corollary 1.6. Let X be a metrizable compactum with dimX < n. Then, 
G(X, R"'"*'^) contains a dense Gs-subset of maps g such that for any natural 
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integer r with r < n + 2 and any line 11^ C parallel to some coordinate 

plane in the inverse image has at most n + r points. 

Theorem 1.5 together with [26, Theorem 5.1] implies the following interesting 
fact: If X is an n-dimensional metrizable compactum with n > 3 and m > 
2n + 1, then almost every embedding of X in R™' is tame. 

Theorem 1.7 below is an inhnite-dimensional version of Theorem 1.5. For 
compact X and Y — a point, Theorem 1.7 was established by Boltyanski [6] 
under the additional restriction that r = 0. 

Theorem 1.7. Let f: X ^ Y be a perfect map between metrizable spaces with 
Y being a C-space. For any integers d,r let V{d,r) denote the family of all 
d-planes 11'^ C h parallel to some coordinate plane II'' C 12- Then, C*{X,l 2 ) 
contains a dense Gs-subset of maps g such that, for every y & Y, and every 
11'^ G V{d, r), /“^(y) has at most d + l — r points if r < d and at most 

one point if r > d. 

The paper is organized as follows. The proofs of Theorem 1.1 and Corollary 
1.2 are given in Section 2. Section 3 is devoted to the proof of Theorem 1.3. 
Theorems 1.5 and 1.7 are established in Section 4. The hnal Section 5 contains 
more applications of Theorem 1.1 and Corollary 1.2. Some conjectures are also 
included in the hnal section. 

A few words about the source limitation topology. For any spaces M and 
K by C{K,M) we denote the set of all continuous maps from K into M. If 
(M, d) is a metric space and K is any space, then the source limitation topology 
on C{K, M) is dehned in the following way: a subset U C C{K, M) is open in 
C{K, M) with respect to the source limitation topology provided for every g & U 
there exists a continuous function a: K ^ {0, oo) such that B{g, a) C U. Here, 
B{g,a) denotes the set {h G C{K,M) : d{g{x), h{x)) < a{x) for each x G K}. 
It is well known (see, for example [18]) that if (M, d) is a complete metric space, 
C{K,M) with this topology has Baire property. This implies that C*{K,H) 
with the source limitation topology also possesses the Baire property for any 
Banach space H . 

In conclusion of the introduction, we wish to thank Prof. T. Goodsell who 
provided us with his proof [13, Appendix]of the Berkowitz-Roy theorem. 

2. Proof of Theorem 1.1 and Corollary 1.2 

Proof of Theorem 1.1. Suppose H'^ meets the linear hull n(Mj) of each set 
Mi and let 17 G H'^ fl n(Mj), i = 1, ...,g. It suffices to show that, under this 
assumption, we have either ni +n 2 + ••• + Rg +1 > ijn — d){q — l) — {T — d){d — f) 
provided q > d — t + 1 or ni + n 2 + ... + Uq + 1 > {m — T){q — 1) provided 
1 < g < d — t + 1. To this end, the following proposition below (see [1] and [13]), 
which follows from the properties of algebraic independent sets, will be used. 
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Proposition 2.1. Suppose we have an algebraically independent set A C M and 
a set B C M. such that every element of A algebraically depends on the set B. 
Then the cardinality of A is < the cardinality of B. 

We can assume that IT* and are determined by the hrst t and T co¬ 
ordinates, respectively. Let vr be the projection of MB' into the space 
determined by the last m — t coordinates. Then = 7 r(n'^) is a (d —t)-plane 
in R™'”* parallel to the coordinate plane = 7 r(n^). Moreover, the set of 

the coordinates of all points Bij = 7 r(Ajj) is algebraically independent (as a 
subset of the coordinates of the points Aij). Therefore, we can assume that 
t = 0 by considering the space R™'”* determined by the last m — t coordinates 
and the projections Bi j, 7 r(n‘^), and 7 r(n^) into this space. 

Since Tj G n(Mj), there are numbers such that Aj^i-|-...-|-Aj^„.+i = 1 

and 

rii+l rii rii 

( 1 ) Tj ^ ^ ^ ^ ^ ^ Ai ni+l foi’ d,ll i 1 , ..., Q. 

j=l j=l j=l 

For any i at least one of the numbers say Aj^i, is different from zero 

(we can even suppose that all Ajj 7 ^ 0 , otherwise we reduce the sets Mj by ex¬ 
cluding the corresponding point Aij). Therefore, by (1), A 1 can be represented 
as a linear combination of the points A* 2 , •••, Hence, Ui additional 

numbers Aj^,..., Xi^m are obtained. 

Consequently, all coordinates of the points Hjj, i = 1, j = 1, + 1 

are expressed in terms of the coordinates of the points Hjj, i = l,...,g, j = 
2, + 1 , Yi,..., Yg, and the numbers Ajj, i = I, ..., q, j = 1 ,..., n*. 

I. Let g < d -|- 1. Since H'^ is parallel to H^, the plane Yi + H^ contains all 
points Y 2 , •••, Hq. So, 

T 

(2) / Yi Y\ -|- i 2,...,g, 

i=i 

where ej denotes the j-th unit coordinate vector. 

Therefore, any coordinate of the points Aij, i = I, ■■■,q, j = 1, + 1, is 

algebraically dependent on the set of all coordinates of the points Yi and Aij, 
i = 1, ...,q, j = 2, ...,ni + 1, and the numbers Xij, i = 1, ...,q, j = 1, ...,ni, aij, 
i = 2, j = 1,...,T. 

Hence, by Proposition 2.1, qm < m + ni + ... + nq + T{q — 1). So, 

(3) / ni -t- ... + ng> {m-T){q- 1). 

Observe that (3)/ does not change if m, d and T are replaced hj m — t, d — t 
and T — t, respectively. Therefore, (3)/ remains true for any t with 0 < t < d. 

H. Let g > d -|- 1. Since all points Yi,..., Yq are in H'^, there are d -|- 1 of them, 
say Yi,..., Yd+i, such that each Y,-, j = d -|- 2 ,..., g, is a linear combination of the 
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points Yi, i = 1, ...,d + 1. Let us note that, such d + 1 points exist even the 
linear hull of Yi,is of dimension < d. Therefore, 

d d 

^ fdj^iYi + (l “ ^ j = c? + 2,..., g, 

i=l i=l 

for some numbers i = 1,..., d, j = d + 2,..., q. 

In this case equations (2)/ are true for i = 2,..., d + 1. So, any coordinate of 
the points Aij, i = I, ■■■,q, j = 1, + 1, is algebraically dependent on the 

set of all coordinates of the points Yi and Aij, i = I ,..., q, j = 2,..., rii + 1, and 
the numbers Ajj, i = 1, ...,g, j = 1, /3j^i, j = d + 2, ...,g, i = 1, ...,d, cijj, 

i = 2,...,d+ 1, j = 

Hence, according to Proposition 2.1, qm < m + ni + ... + ng + {q — d — l)d + Td, 
or equivalently ni + ... + Ug > (m — d)(g — 1) — (T — d)d. Replacing in the last 
inequality m, d and T by m — f, d — t and T — t, respectively, we obtain that 


(3)// Hi + ... + nq> (m - d)(g - 1) - (T - d)(d - t). 

The inequalities (3)/ and (3)// complete the proof of Theorem 1.1. 

Proof of Corollary 1.2. We need the following considerations due to Roberts 
[20]. Let {rj} be a hxed inhnite set which is algebraically independent, i.e. 
every hnite subset is algebraically independent. Let = {g + r* : g G Q}, Q is 
the set of rational numbers. Then each Ri is dense in R and Rfs are disjoint. 
Moreover, any hnite set M is algebraically independent provided M contains at 
most one point from each i?*, i = 1, 2,... . 

Let {vi} denote the vertexes of K and Rj are the algebraically independent 

sets considered above. For each i we choose a point = (A(l), ■■■,Ai{m)) G 

R™ such that dist[9{vi), Afj < e and G Rp-pm+s- Then the set of all 

coordinates {Ai{k)} is algebraically independent. We dehne g: K ^ R™ by 

g{vi) = Ai and extend g linearly on every simplex of K. Obviously, g{vif) ^ 

g{vi^) when R ^ * 2 - Moreover, the map g, restricted to any n-simplex of K 

is one-to-one. Let H'^ be a d-plane in RJ^ parallel to some coordinate planes 

n* C and g be the number of disjoint at most n-dimensional simplexes 

(Tj =< Vij : j = l,...,nj A- 1 > from K whose images g(aj) =< Aij : j = 

1,..., n* + 1 > under g meets H^. Let show that 

n+{n + T-m){d-t) 

— if n > [m — n — T)[d — t). 


q<Ni = d+ l—t + 
Suppose g > d -|- 1 


m — n — d 

t. Since H'^ intersects all images g{<7i) C n({Hip 


3 = 


1,..., n* -I- 1}), i = 1,..., g, by Theorem 1.1, rti + ... Artg > (m — d)(g — 1) — (T — 
d) {d — t). Consequently, 

(4) nq > {m — d){q — 1) — {T — d){d — t) 


because rii < n for each i. Inequality (4) is equivalent to the required inequality 

g < Ni. 
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If g < c/ + 1 — t, then g < A^i holds because our assumption n > {m — n — 
T){d — t) implies d + 1 — t < Ni. 

71 

Now, let show that q < N 2 = IH- — provided n < {m — n — T)(d — t). 

m — n — T 

Suppose q < d — t + 1. Then, by Theorem 1.1, ni + ... + > (m — T)(g — 1). 

Therefore, 

(5) nq > {m — T){q — 1). 

Since (5) is equivalent to g < N 2 , this case is completed. 

Finally, let g > d — t + 1. Then, as we already proved, q < Ni. On the 
other hand, according to our assumption n < {m — n — T){d — t), we have 
d — t + 1 > iVi. Hence, q = d — t + 1 = Ni which implies n = {m — n — T){d — t). 
So, q = d — t + l = Ni = N 2 . 

3. Proof of Theorem 1.3 

First, we are going to prove Theorem 1.3 in the special case when d = m — n. 
So, we £x spaces X, Y and a map / satisfying the hypotheses of Theorem 1.3. 
If not explicitely stated otherwise, we use the following notations in this section; 
g denotes the Euclidean metric in R™' and an e-disjoint set in R”^ is a set which 
can be covered by a family of open and disjoint subsets of R”^ each of diameter 
< e. We say that a given set A C R™ is of type (d, e) if H^ fl H is e-disjoint for 
every d-plane H'^ in R™. 

Let He, e > 0, denote the set of maps g G C*(X, R™') such that g{f~^{y)) is 
of type (m — n,e) for every y ^Y. Since C*(X, R™') equipped with the source 
limitation topology has the Baire property, it suffices to show that each of the 

00 

sets He is open and dense in C*{X, R™). Indeed, then H = Hi/k would be 

k = 1 

dense and Gs in C*{X, R”^). Moreover, if g e H and y ^Y, then g{f~^{y)) H H 
is at most 0-dimensional for every (n — m)-plane H C R™. 

Lemma 3.1. Let A C X be compact and e > 0. Suppose the set go(^) is of 
type {d,e) for some go G C*(X, R™) and d. Then there exists a neighborhood U 
of A in X and <5 > 0 such that g{U) is of type {d,e) provided g G C*(X, R”^) 
and g\U is 6-close to go\U. 

Proof. Assume the conclusion of the lemma is not true. To obtain a contradic¬ 
tion we follow [20, Proof of 2.4, p. 569]. For every i > 1 take a neighborhood 
Ui of A such that Ui C gQ^iWi) with Wi being a 1/i-neighborhood of go{,A). 
There exist g* G C*(X,R"^) and a d-plane Iff such that gi\Ui is 1/Tclose to 
go\Ui but giifJi) fl Hf is not e-disjoint. Choose the points Zi G giifJi) fl Hf and 
Xi G Ui such that p(gi {xi),zf) < 1/b i > 1. Obviously, K = {zi}"^^ U go(-4) 
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is a compactum intersecting each Ilf. Therefore, there exists a subsequence of 
converging to a ci-plane Ilf. We suppose that itself converges 

to nf. 

Let V be an open subset of containing fl Ilf and such that it is the 
union of a hnite disjoint and open family in having elements of diameter 
< e. Because each giiUi) fl Ilf is not e-disjoint, there exist points a* G Ui and 
bi G giiUi) n nf such that V doesn’t contain the set {gi{ai), We can also 

require that g{bi, gi{ai)) < Iji for all i. This implies the existence of a point 
b G goi^A) and a subsequence of {bi} converging to b. We still write limfej = b. 
Then 6 G Ilf because {Ilf} converges to Ilf. Hence, b G go{A) fl Hf C H. 
Consequently, bi eV for some i which contradicts the choice of bi. □ 

Corollary 3 . 2 . Suppose go{f~^{yo)) is of type {m — n,e) for some yo eY and 
go E C*(X, R™'). Then, there exists a neighborhood V of yo in Y and <5 > 0 
such that the set g{f~^(y)) is of type {m — n,e) for every g E C*(X, R™') with 
g\f~\V) being 5-close to go\f~^{y). 

Proof. Applying Lemma 3.1 for f~^{yo), we obtain h > 0 and a neighborhood 
U of f~^{yo) such that g{U) is of type (m — n,e) provided g E C*(X, R™") with 
g\U being d-close to go\U. Since / is closed, we can hud a closed neighborhood 
V of yo in Y with C U. Now, let g\f~^(y) be h-close to go\f~^(y) for 

some g E C*(X, R™'). Extend g\f~^{V) to a map h E C*(X, R™^) such that h\U 
remains h-close to go\U. Then, according to the choice of U and 5, h{U) is of 
type {m — n,e). Finally, since h{f~^(y)) C h{U) and h\f~^(y) = g\f~^(y), we 
are done. □ 

Proposition 3 . 3 . Any He is open in C*(X, R™). 

Proof. We £x go E He. By Corollary 3.2, for every y E Y there exists a 
neighborhood Vy of y in Y and <5^ > 0 such that if g E C*(X, R™) and 
5'o(ai)) < 5y for all x E f~^(yy), then is of type (m — n,e). 

Take a locally finite open cover uj of Y refining {Vy -. y E Y} and for each 
hL G a; fix y{W) E Y such that W C I^(vr)- Define the set-valued map 
(f: Y ^ (0, cx)) by (f^y) = U{(0, 5y(w)] : y E W}. Obviously, 0 is convex-valued 
and lower semi-continuous. By [19, Theorem 6.2], 0 admits a continuous selec¬ 
tion 0: F —> (0, CX)) and let a = P o f. It suffices to show that g E C*{X, R™') 
and g{go{x), g{x)) < Oi{x) for every x E X imply g E He. To this end, let y G F 
and select IF G a; containing y such that a{x) < 5y{w) foi’ every x G f~^{y). 
Take a function hy E C'*(X, R™') coinciding with g on the set f~^{y) and satis¬ 
fying the inequality g{hy{x), go{x)) < hy(vr) foi’ all x E X. Then, according to 

the choice of Vy{w)) fhe set hy(/“^(I4(w))) is of type {m — n,e), so is g{f~^{y)). 
Hence, any g E C*(X, R™') which is oc-close to go belongs to He. Therefore, He 
is open in C'*(X,R”^). □ 
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For every space M and e > 0 let denote the set of all g G 

C*{M, R”^) such that g{M) is of type (m — n, e) provided m > n + 1. 

Lemma 3.4. Let M be an n-dimensional compactum and m > n + 1. Then 
C(n,e)(M, R™) is dense in C(M, R”^) for every e > 0. 

Proof. Let go G C(M, R™) and 5 > 0. Representing go as the composition of 
two maps qi \ M ^ Z and q 2 '. Z ^ R”^, where Z is a metrizable compactum 
of dimension < n, and considering Z and q 2 instead of M and go, we reduce 
our proof to the case M is a metrizable compactum. Take a positive number g 
satisfying the following conditions: 

(6) 5g < 5/2 and 9?7(r + 1) < e, where r = n{m + 1 — n). 

Since dimM < n, by a standard procedure we can hnd a hnite n-dimensional 
complex K and maps h\ M ^ K and 9: K ^ R™ such that 9 o h is (5/2-close 
to go- Moreover, we can suppose that: 

(7) diam(9{a)) < g for every simplex a E K. 

It suffices to hnd a map g: K ^ R*” which is (5/2-close to the map 9 and 
g o h E To this end, we apply Corollary 1.2 (with d = m — n, 

t = 0, T = m, e = g and n replaced by n — 1) to obtain a semi-linear map 
g: K ^ R”^ such that Q{g{v),9{v)) < g for all vertexes v oi K and, for each 
(m — n)-plane 11 C R™, the number q of disjoint at most (n — l)-dimensional 
simplexes of K whose images under g intersect 11 is < r = n(m -|- 1 — n). We 
can choose g such that, in addition to the above requirements, we also have 
g{vi) 7 ^ g{vj) for any different vertices Vi and vj of K. 

Let Vi and Vj be two vertices of the same simplex A E K. Then, according to 
(7) and the choice of g, we have 

0 { 9 ivi), 9 ivj)) < g{ 9 ivi), 9 {vi)) + g{9{vi),9{vj)) + g{9{vj), g{vj)) < 3g. 
Consequently 

(8) 9 {A) is of diameter < 3g for any simplex A E K. 

Item (8) implies that g{ 9 {y), 9 {y)) < 5g for all y E K. Hence, by (6), g and 9 
are (5/2-close to each other. 

It remains only to show that g o h E C(^n,e){M, R™), or equivalently, g{K) is of 
type (m — n,e). To this end we use an idea of [20, proof of 2.3, p. 568]. We 
hx a (m — n)-plane H C R™. It is enough to prove that each component of 
g{K) n n is of diameter < 9(r -|- l)g because, by (6), 9(r -|- l)g < e. Suppose 
g{a, b) > 9{r + l)g for some component P of g{K) fl H and some points a,b E P. 
There is an arc ab in P. Because of (8), every subarc of ab of diameter > 3g 
must contain at least one point on the boundary of a simplex of g{K), hence 
on a simplex of g{K) of dimension < n — 1. Next, we take points a* G ab, 
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i = 1 ,r + 1 such that: 

3(3i — 2)?7 < g{a,ai) < 3(3i — 1 )? 7 , i = 1, ■■■,r + 1, and each a* belongs to a 
simplex g{ai) G g{K) with at being of dimension < n — 1 . 

Then, g{ai, aj) > 617 for i ^ j which, according to ( 8 ), implies g{(Ji) ng{aj) = 0. 
Therefore, we obtained r + 1 disjoint simplexes ai ^ K, i = 1, ...,r + 1, each 
of them having dimension < n — 1 whose images under g meets If. This is 
a contradiction because, according to the choice of g, the number of pairwise 
disjoint at most (n — l)-dimensional simplexes of K whose images under g 
intersect fl is < n{m — n + 1) = r. □ 

Below we consider the set-valued map ipe'- Y ^ C*(X, R™') dehned by 'ipsiy) = 
C*(X, R'")\7-fe(i/), where 'Hsiy) denotes the set of all g G C*(X, R™') such that 
9 if~\y)) is of type (m - n,e). 

Next proposition, combined with Proposition 3.3, will complete the proof of 
Theorem 1.3 for d = m — n. 

Proposition 3.5. Any Tie is dense in C*(X, R™). 

Proof. We hrst show that the graph G of tfe is closed inY xC* (X, R™') provided 
C*(X, R™') is equipped with the uniform convergence topology generated by the 
metric g. Let (i/o,fi'o) G (T x C*(X, R”'))\G. Then go ^ 'feivo), so go G 
By Corollary 3.2, there exists <5 > 0 and a neighborhood V of yo in V such 
that g{f~^{V)) is of type {m — n,e) for every g G C*(X,R”^) with g\f~^{V) 
being h-close to go\f~^{V). Let W C C*(X,R'") be the set of all g which are 
(5-close to go- Obviously, hP is a neighborhood of go in C*(X, R™) with respect 
to the uniform convergence topology, so P x IT is a neighborhood of {yo,go) in 
Y X C*{X, R™) which doesn’t meet G. Therefore, G is closed in T x G*{X, R™). 

Claim. B{go,a)\'ips{y) 7 ^ 0 for every y E Y, a: X ^ (0, cxd) and go G 
C*(X,R”^). _ 

We need to show that B{go, a) mi.e{y) 7 ^ 0 for hxed y E Y, a E G{X, (0, cx))) 
and go E C'*(X, R™). Let (5 > 0 be the minimal value of a on f~^{y). Since 
dim/“^(i/) < n, by Lemma 3.4, there exists h E G{f~^{y),M.'^) which is S- 
close to go\f~^{y) and such that h{f~^{y)) is of type (m — n,e). Obviously, 
g{h{x), go{x)) < a{x) for all x E f~^{y). So, every extension g E C*(X, R™) of 
h would be in Tieiij). Hence, the proof is reduced to hnd such an extension of h 
which is also in B{go, a). To this end, we dehne the set-valued map $: X —R™' 
by = h{x) if a; G f~^{y) and <h(a;) = B(^go{x), a{x)) if x ^ f~^{y)- Here 
B{go {x),a{x)'j denotes the closed ball in MX having center go{x) and radius 
a{x). This map is lower semi-continuous with closed and convex values in R™. 
Hence, by Michael’s convex-valued selection theorem, $ admits a continuous 
selection g which extends h. Moreover, we can assume that o; is a bounded 
function, which implies that g is also bounded. Therefore, g E B{go,a), which 
completes the proof of the claim. 
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We are now in a position to finish the proof of our proposition. Fix ^ 
C*(X, R"^) and a G C*(X, (0,1)), and consider the constant set-valued map 
(f:Y ^ C*(X,R™'), (p{y) = B{go,a), where C*(X,R™) is equipped with the 
uniform convergence topology. Now, we need the following theorem of Michael 
[17, Theorem 5.3]: 

Let Y be paracompact with dimy = 0, M a completely metrizable, and (p: Y ^ 
M a lower semi-continuous closed-valued map. If y — M is a set-valued 
map with a closed graph such that (f){y)\'ip{y) ^ 0 for every y ^ Y, then 0 has 
a selection avoiding ip. 

In our case 99 and ipe satisfy the hypotheses of the Michael’s theorem, so there 
exists a map 9: Y ^ C*(X,R™) such that 9{y) G B{gQ,a)\ipe{y) for all y eY. 
We dehne the map g G C*{X, R*”), g{x) = 9{f{x)), x E X. Then g E B{gQ, a) fl 
'Hsiy) for every y eY. Consequently, g E B{go, a) fl He and we are done. □ 

As we already mentioned, it follows from Proposition 3.3 and Proposition 
3.5 that the set H is dense and Gs in C*(X, R™). This provides the proof of 
Theorem 1.3 in the special case d = m — n. Let us prove the general case of 
Theorem 1.3. We are going to show that every g eH satishes the theorem, i.e. 
it satishes the following condition: A = g{f~^{y)) fl 11'’* is at most {n + d — m)- 
dimensional for every y eY and every d-plane 11'’* C R™ with m—n-|-l < d < m. 
Fix some (m — n)-plane n™"” C 11'’* and consider the orthogonal projection p of 
11'’* onto the (n-l-d —m)-plane (y n'* which is the orthogonal complement 

of in 11'*. Then the compactum B = p{g{f~^{y)) H 11'*) C n"+'*“’'" is of 

dimension < n + d — m. Obviously, any hber of the mapping p\ji: A ^ B is the 
intersection of g{f~^{y)) and some (m — n)-plane. So, according to the choice 
of g, p\a has zero-dimensional hbers. Therefore, by Hurewicz’s theorem about 
perfect zero-dimensional maps, dim A < dimil < n + d — m. 

4. Proof of Theorem 1.5 and Theorem 1.7 


Proof of Theorem 1.5. It suffices to show that, for any integers d,t,T with 
0 < t < d < T <m and d < m — n — 1, and any coordinate planes 11* C 11**’ in 
Rm, R™') contains a dense G^-subset of maps g such that f~^{y)r]g~^(Il'^) 

has at most q points for every y E Y and every d-plane 11'* C R™ parallel to 


If* C n**’, where g is the integer part ofiVi = d-|-l —1-|- 


n + {n + T — m){d — t) 


if n > {m — n — T){d — t) and the integer part of W = 1 + 


m 

n 


m — n — T 


n — d 
otherwise. 


So, we £x integers n, d, f, T satisfying the above inequalities and coordinate 
planes 11* C 11**’ C R™. Observe that always g > 1, and let V be the set of all 
d-planes in R”^ parallel to 11* C 11^. We now dehne the following augmented 
notion which is used in this section: A subset A of an arbitrary metric space 
M is said to be of cotype {q,e,g), where e > 0 and g E if for any 
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11'^ G V, the set can be covered by at most q disjoint open sets in M 

each of diameter < e. Let /C^, e > 0, denote the set of all maps g G C*(X, M”^) 
such that is of cotype {q,e,g) for every y ^Y. The proof is reduced to 

show that each /C^ is open and dense in C'*(X, M™). 

Lemma 4.1. Let A he a compact subset of X which is of cotype {q,e,go) for 
some go G C*(X, M™) and e > 0. Then there exists a neighborhood U of A in 
X and 5 > 0 with U being of cotype {q,e,g) for every g G C*(X, M™) such that 
g\U is 6-close to go\U. 

Proof. Suppose the lemma is not true. For every i > 1 take a 1/i-neighborhood 
Ui of A such that goiUf) is within 1/Tneighborhood of go{A) in R™'. Then, there 
exist gi G C*(X, R™) and a d-plane Ilf G "P such that gfUi is l/i-close to go\Ui, 
but n Ui is not covered by any family of < g open disjoint sets in X 

with diameters < e. As in the proof of Lemma 3.1, passing to subsequences, 
we can suppose that converges to a d-plane Ilf. Since all Ilf are from 

V (i.e., parallel to 11* C 11^), so is Ilf. Hence, A n g(j'^(nf) is covered by a 
disjoint family {Vj} of < q open sets in X with diameters < e. Take points 
Xi e g- ■'(nf) n Ui\V and yi E A such that dist{xi,yi) < 1/i, i = 1,2,..., where 

V = [jVj. We can assume that the sequence Xi converges to some xo E A (recall 

that A is compact). Then {gi{xi)} converges to go{xo) and go(xo) E go(A) FlHf. 
Therefore, xq E A n g(j'^(nf) C V. So, Xi E V for almost all i which is a 
contradiction. □ 

The proof of next corollary is similar to that one of Corollary 3.2. 

Corollary 4.2. Suppose f~^{yo) is of cotype {q,e,go) for some yo E Y and 
go E C*(X, R™'). Then, there exists a neighborhood V ofyo in Y and 5 > 0 such 
that the set f~^{V) is of cotype {q,e,g) for every g E C*(X, R”^) with g\f~^{V) 
being 6-close to go\f~^(y)- 

Proposition 4.3. Any Xe is open in C*(X, R™). 

Proof. The proof follows the arguments from the proof of Proposition 3.3, but 
now we apply Corollary 4.2 instead of Corollary 3.2. □ 

Lemma 4.4. Let M he a metrizable at most n-dimensional compactum. Then 
the set Xo{M, R™) of all g E C{M, R™) such that consists of at most q 

points for every H'* G V, is dense in C{M, R™). 

Proof. Let 12 be the collection of all disjoint families {Hi, V 2 , ..., Hg+i} of g + 1 
elements such that each Vj belongs to a fixed base for M. Let also 

Cr = (g G C(M,R™) : g”*(n‘*) meets at most g elements of T for every H'* G 
P}, T G 12. 
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Obviously, O is countable and ICo{M,MJ^) is the intersection of all sets Op, 
r G O. Therefore, our proof is reduced to show that each Op is dense and open 
in 

Claim 1. Every Op is open in 0(M, M™). 

We £x r G O and qq G Op. Suppose, for every i there exists gi ^ Op with 
gi being 1/i-close to go. So, we can find Uf E V such that g~^{Ilf) meets 
every element of T. As in Lemma 3.1, we can suppose that the sequence {Iff} 
converges to some Ilf G V. Then intersects at most q elements of T, 

let say the first q. Now, for every i, choose a point Xi G g~^(Ilf) fl Vg+i and, 
since M is compact, we can assume that the sequence {a;*} converges to some 
xo G Vq+i. Then, {gi{xi)} converges to go{xo) G Ilf. So, Xq G fi'o’^(nf) n Vq+i 
which is a contradiction. 

Claim 2. Every Op is dense in 0(M, M™). 

Let T = (El, E 2 ,..., Eg+i}, go G Op and 5 > 0. There exist an open cover 
cd of M with mesh(ci;) < r/3, where r = m\n{dist{yi,Vj) : i 7 ^ j}, and a 
semi-linear map h: L ^ such that g = h o tt is 5-close to go- Here L is 
the polyhedron underlying the nerve of u and tt: M —L is the canonical map. 
According to Corollary 1.2, we can assume that for any H*^ G V, the number 
of pairwise disjoint, at most n-dimensional simplexes a E L with h{a) meeting 
H'^, is < q. We can also assume that u is of order < n -|- 1, so L is at most 
n-dimensional. If there exists a plane U* E V with intersecting every 

Vi, choose Xi E g' -HH*) CVi, and let Ui be the family of those elements of 
oj containing the point Xi. Then each family cu*, i = 1, ...,q + 1, generates a 
simplex Uj G L of dimension < n such that h{xi) E h{ai) fl H* and Uj fl Uj = 0 
for i ^ j. This contradicts the choice of h. □ 

Since /Co(M, M™) C for every e > 0, where ICs{M,W^) is the set 

of all maps g E C*{M, M™") with M being of cotype (g, e, g), Lemma 4.4 implies 
the following corollary: 

Corollary 4.5. Let M be a metrizable compactum of dimension < n. Then 
any /Ce(M, M™) is dense in C(M, R™). 

Finally, next proposition, combined with Proposition 4.3, completes the proof 
of Theorem 1.5. 

Proposition 4.6. Any JCe is dense in C*(X, R™). 

Proof. Let Y ^ C*{X, R™) be the set-valued map ifeiy) = C*{X, 
where Xs{y) denotes the set of all g E C*(X, R™) such that f~^{y) is of cotype 
(g, e, g). Further, the proof follows the arguments from the proof of Proposition 
3.5. To show that the graph of is closed, we use now Corollary 4.2 instead of 
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Corollary 3.2. Also, the application of Lemma 3.4 should be replaced by that 
one of Corollary 4.5 in the proof of the claim. □ 

Proof of Theorem 1.7. We are going to prove that C*{X,l 2 ) contains a dense 
G^-subset of maps g such that for every y &Y and every 11'^ G V{d, r), f~^{y) H 
^-i(nd) most d + 1 — r points if r < d and at most one point otherwise. 

For given integers d, r let Q be the set of all d-planes parallel to the r-plane 
of hrst r coordinates in I 2 . As in Theorem 1.5, we introduce the notion of a 
(g, e, g)-cotype subset of a metric space M considering now planes 11'^ G Q and 
taking g = d+ l — rin case d > r and q = 1 otherwise. Let dy, e > 0, denote 
the set of all maps g G C*(X, I 2 ) such that f~^{y) is of cotype (g, e, g) for every 
y E Y. It suffices to show that each Te is open and dense in G*(X, I 2 ). Following 
the proof of Theorem 1.5, we can show that all 7Fs are open in C*{X,l 2 )- To 
prove density of Xe, we use the following lemma. 

Lemma 4.7. Let M be a metrizable compactum and e > 0. Then the set 
7 Fe{M,l 2 ) of all g G C{M,l 2 ) such that M is of cotype {q,e,g), is dense in 

Proof. We take go G C{M,l 2 ) and A > 0. Then, there exist maps ip: M ^ K 
and h\ K I 2 such that iL is a hnite complex and h o ip is A/2-close to go. 
Moreover, we can assume that each hber of ip has diameter < e. For every 
A C N we identify with the subspace {y G I 2 : yi = 0 for all i ^ A} oi l 2 , 
and denote by tta the canonical projection tia'- h ^ Let dimiF = n and 
A C N be any hnite set satisfying the following conditions: 

(i) {l,...,r} C A; 

(ii) |A| > r + d + 2 n + n ■ \d — r\ + 1 , where |A| is the cardinality of A. 

Since every projection tia is open, we can show that the map A^: C{K,l 2 ) —^ 
C{K, M"^), ^A^g) = A ° 9 ) is also open. 

Suppose hrst that r < d. Observe that, if T = m, then {m — n — T){d — r) = 
—n{d — r) < 0, so n > {m — n — T){d — r). Hence, applying Theorem 1.5 with 
m = T = |A| and t = r, there is a dense Gs subset TFa of G(iF, R^) consisting 

Tl Tl{d — 

of maps g such that g“^(n‘^) contains at most 1 + d — r + ——j-— points 

II ct 

for every d-plane H'^ C R"^ parallel to the r-plane of hrst r coordinates in R"^. 
Since | A| > r -|- d -|- 2n -|- n ■ (d — r) -fl, any preimage g“^(n‘^), g G Xa, contains 
at most 1 -|- d — r points. The set AA^(d-A) is also dense and Gs in G{K,l 2 )- 
Therefore, there exists g G Kf^i^TpA) which is A/2-close to h. Then 'g = g o ip 
is A-close to go. It remains only to show that g G J-’e{M,l 2 )- To this end, 
take H'^ G Q. Since IVf = 7ryi(n'^) is a d-plane in R"^ parallel to the r-plane of 
hrst r coordinates in R"^, g~^ {YVa)) contains < 1 -|- d — r points. Formally 
the plane H^ can has dimension < d, but in this case the estimation on the 
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cardinality of preimage is even better. The inclusion 11'^ C 7 r^^(n^) implies 
that contains < 1 + d — r points. Hence, 

consists of < 1 + d — r hbers of 99 . Since any hber of tp is of diameter < e, 
g & s{M, I 2 ). 

Suppose d < r. We again apply Theorem 1.5 to H, but now for m = |H|, t = 0 
and T = r. Obviously, in this case {m — n — T){d — t) > n. Therefore, there 
is a dense Gs subset of 0(7^,®"^) consisting of maps g such that 
contains at most one point for every d-plane in parallel to the r-plane of 
hrst r coordinates in As before, we take g G A^^(jF 4 ) which is A/ 2 -close 
to h and show that 'g = g o ip ^ dy(Af, I 2 ). □ 

Proposition 4.8. Any Te is dense in C*{X,l 2 )- 

Proof. We follow the proof of Proposition 3.5, describing the necessary changes. 
In our situation ipe'- Y C*{X,l 2 ) is dehned by fjeiy) = C*{X,l 2 )\Xe{y), 
where Xsiy) denotes the set of all g G C*{X,l 2 ) such that f~^{y) is of cotype 
(g, e, g) with g = l + d — rifr<d and g = 1 otherwise. To show that has 
a closed graph, we apply the analogue of Corollary 4.2 for the space C*{X,l 2 ) 
instead of Corollary 3.2. We also need the following claim. 

Claim. Let go G C*{X,l 2 ), a: X ^ (0, cxd) and y & Y. Then, for any e > 0, 
%pe{ii)CB{gQ, a) is a Z-set in B{go, a) provided B{go, a) is considered as a subset 
ofC*{X,l 2 ) with the uniform convergence topology. 

The proof of this claim partly follows the arguments from the proof of [?, Lemma 
8 ]. We need to show that every map h: Q ^ B{go,a), where Q is the Hilbert 
cube, can be approximated by a map hi: Q ^ B{go, a) avoiding the set 'ipei^y) fl 
B{go,a). So, we £x such a map h and 77 > 0. Then h generates the map 
u: Q X X ^ I 2 , u{z,x) = h{z){x), such that dist{u{z,x), go{x)) < a{x) for any 
{z,x) E Q X X. Choose A G (0,1) with Asup{Q;(a;) : x G f~^{y)} < 77/2 and 
define Ui G C{Q x f~^{y),l 2 ) by Ui{z,x) = (1 — X)u{z,x) + Xgo{x). For every 
{z,x) E Q X f~^{y) we have 

dist{ui{z, x), go{x)) < a{x) and dist{ui{z,x),u{z,x)) < 77 / 2 . 

Let 6 < inf{ 77 / 2 , a(x) — dist{ui{z,x), go{x)) : (z, x) E Q x f~^(y)}. By Lemma 
4.7, there exists a map U 2 : Q x f~^{y) —^ h such that Q x f~^{y) is of cotype 
(g,£, 7 / 2 ) and dist{ui{z,x),U2{z,x)) < S for all {z,x) E Q x f~^{y). Then 

dist{u 2 {z,x), go{x)) < a{x) and dist{u 2 {z,x),u{z,x)) < 77 
provided (z,x) E Q x f~^{y). The equality h 2 {z){x) = U 2 {z,x) determines a 
map h 2 : Q ^ C{f~^{y),l 2 ) such that f~^{y) is of cotype {q,e,h 2 {z)) for every 
z E Q. One can show that the projection map pr: B{go,a) C{f~^{y),l 2 ), 
Pf'ig) = g\f~^{y)j is open with respect to the uniform convergence topology 
and pr(H(go,a)) contains h 2 {Q). This yields that ^2 can be lifted to a map 
w: Q ^ B{go,a) such that w is 77 -close to h. Observe that w avoids the set 
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'ipeiy) n B{go,a) because / ^(i/) is of cotype {q,e,h 2 {z)) for all z E Q. This 
completes the proof of the claim. 

Let us go back to the proof of Proposition 4.8. For a hxed g G C*(X, I 2 ) and a 
function a\ X ^ (0,1) consider the set-valued map (p: Y ^ C*{X,l 2 ), 4>{y) = 
B{g,a), where C*{X,l 2 ) carries the uniform convergence topology. According 
to the claim above, (^{y) D'lpeiv) is a Z-set in (^{y) for all y eY . Moreover, Y is 
a C-space, so we can apply [14, Theorem 1.1] to find a map 9: Y ^ C*{X,l 2 ) 
such that 9{y) E B{g,a)\'ips{y) for all y E Y. Finally, we dehne the map 
'g E C*{X,l 2 ) by 'g{x) = 9{f{x)), x E X. Then, g E B{g,a) fl Xe{y) for every 
y E Y. Hence, g E B{g,a) H which completes the proof of Proposition 
4.8. □ 

Therefore, the proof of Theorem 1.7 is done. 

5. Appendix 

Let us provide some more applications of our results. 

Theorem 5.1. Let f:X Y be a perfect map between paracompact spaces 
with dimF = 0. Suppose {Fi} is a sequence of closed subsets of X and {ui} a 
sequence of integers such that dim/|Fj < Uj for all i. If n > Ui, i = 1,2,..., 
then for every m > n + 1 the space C*(X, M’”) contains a dense Gs-subset of 
maps g such that for any i and any d-plane H*^ C M™, where m — Ui < d < m, 
we have dim 5 f(/“^(i/) fl Ff) < Ui + d — m, for any y eY . 

The proof of Theorem 5.1 is based on Lemma 5.2 below. Indeed, for every i 
we apply Theorem 1.3 for the spaces Fj, /(Fj) and the map /|Fj to conclude 
that F*(Fi, M’”) contains a dense G^-set Hi of maps g such that dimg[f~^{y) fl 
Ffj n < Hi + d — m for every y E f{Fi) and every d-plane H'^ C with 
m — Hi < d < m. Since, by Lemma 5.2, each restriction map TTj: G*(X, M™) — 
G*(Fi,M”^) is open, /C* = 7r“^(7-fj) is dense and Gs in G*(X,M’”). Then the 
intersection of all /Cj satishes the requirements of Theorem 5.1. 

Lemma 5.2. Let F be a closed subset of the normal space X and m > 1. Then 
the restriction map tt: G*(X, M™) —G*(F, M’”), defined by 7i{g) = g\F, is open 
if both G*(X, M™) and G*{F,'EF) are equipped simultaneously either with the 
source limitation topology or the uniform convergence topology. 

Next corollary of Theorem 5.1 can be established in the same way as Corollary 
1.4 was obtained from Theorem 1.3. 

Corollary 5.3. Let {Fj} be a sequence of closed subsets of the normal space X 
with dimFj < Ui. If m > Ui + 1 for each i, then G*(X, M™) equipped with the 
uniform convergence topology contains a dense Gs-subset of maps g such that 
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g{Fi) n is at most {ni + d — m)-dimensional for every d-plane 11'^ C M™' with 
m — Hi < d < m, i = 1,2,... . 

Our final application is an analogue of the Fox theorem [11] about economical 
extensions of maps. If A is a closed subset of a space X and h G C*{A, R™'), then 
R”^) denotes all maps g G 0*(X,R™) such that g\A = h. Everywhere 
below R™') is considered as a subspace of 0*(X, R™) with the uniform 

convergence topology. 

Corollary 5.4. Let X be a normal space and A a closed Gs-subset of X with 
dim(X\A) < n. Then, for any m > n -\- 1 and h G C*(7l,R™'), there exists a 
dense and Gs-set in R™) of maps g such that g{X\A) fl 11'^ is at most 

(n + d — m)-dimensional for every d-plane 11'^ C R™ with m — n < d < m. 

Proof. Let {Fj} be a sequence of closed subsets of X with X\yl = IJ^i 
h G R™'). By Corollary 1.4, each C'*(Fi,R™') contains a dense G^-subset 

Hi of maps g with 

(9) dim g{Fi) r\Il'^<n-\-d — m for any d-plane 11'^ C R™, where m — n < 
d <m. 

Using that Fi and A are closed and disjoint subsets of X, one can show that ev¬ 
ery projection pi : G^(X, R™) — G*{Fi, R”^), pfg) = g\Fi, is open and surjective 
when both R*”) and G*(Fj,R™) are equipped with the uniform conver¬ 
gence topology. Hence, /C^ = p~^{Hi) is dense and Gs in R™). Since 

R”^) has the Baire property, /C = dense and Gg in G^(X, R™). 

Finally, observe that (9) implies dim 5 f(X\H) nn'^<n-|-d — m for every g & K, 
and every d-plane H'^ C R™ with m — n < d < m. □ 

Finally, let us discuss some possible improvements of our results. 
Conjecture 1. Let f: X ^ Y be a map of finite dimensional metrizable 
compacta. Then, C(X, R™) contains a dense Gs-subset of maps p> such that, 
for any integers d, t, T with 0 < t < d < T <m and dim / -|- d -|- 1 < m and for 
any d-plane H*^ C R™, parallel to some coordinate planes H* C H^ in R™, each 
set f~^{y) n y eY, has no more than 

^ dim Y + dim f + {T — d){d — t) 
m — dim f — d 

points. 

Obviously, Theorem 1.5 implies the validity of Conjecture 1 in case Y is 
0-dimensional. 

Conjecture 2. Let f: X ^ Y be a map of finite-dimensional compacta. Then, 
C(X, R™) contains a dense Gs-subset of maps ip such that 

dim[ip[f~^{y)) fl H*^) < dim / + d — m. 
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for any d-plane C with m — dim f < d <m and any y & Y. 

Theorem 1.3 provides the validity of Conjecture 2 in case Y is 0-dimensional. 
As in Theorem 1.3, it suffices to establish Conjecture 2 in the special case 
d = m — dim/. Conjecture 2 is also true when dim / = 0, this is Uspenskij’s 
theorem [24] about light mappings (see also [22] for a generalization of the 
Uspenskij result when dim / > 0). 

Let /: X —F, 99 G C{X, M™) and t, d, T be integers with 0 < t < d < T < m 
and d — t + 1 < q. Below we consider the set consisting of all points 

{y,yi, ■■■,yq) G F x satisfying the following condition: there exist points 

xi,...,Xq G f~^{y) with Xi 7 ^ Xj fori 7 ^ j such that y* = ip{xi) and all yi, 
i = belong to a d-plane in R'" parallel to some coordinates planes 

n* c C R™. 

Conjecture 3. Let f: X ^ Y be a map of finite-dimensional metrizable com- 
pacta. Then C(X, R™) contains a dense Gs-set H of maps ip such that 

dim triT) < dimF -|- dim f + {T — d){d — t) — {q — l){m — dim f — d) 

for any integers d, t, T, q satisfying the conditions 0 < t < d < T <m, d—t+1 < 
q and dim / -|- d -|- 1 < m. 

If the right side of the inequality from Conjecture 3 is < —1, then the set 
B^dtriT) is empty. Conditions when B^dtri^) is empty are discussed in Con¬ 
jecture 1. If d = 0, the set Bj^ Q ^ rp^ip) does not depend on T. In this case it is 
homeomorphic to the set B^{ip) = {{y,z) G F x R™ : \f~^{y) fl ip~^{z)\ > q}. 
For d = 0 and F a point, the statement of Conjecture 3 was obtained in 1933 
by Hurewicz [15] (recall that the maps ip E TL from the Hurewicz theorem are 
called regularly branched maps [9]). A parametric version of the Hurewicz re¬ 
sult was obtained in [23, Theorem 1.1]. Following the terminology of [23], the 
inequality from Conjecture 3 is satished for d = 0 and all g > 1 if and only if 
p) is an /-regularly branched map. By [23, Theorem 1.1], (^(X, R™") contains a 
dense G^-subset of /-regularly branched maps, so Conjecture 3 holds for d = 0. 
Let us note that for d > 1, even in the case when F is a point, the conjecture 
is open. 

For maps /ji Xj —> R™', i = 1, •••,?, and integers 0 < t < d < T < m, let 
Bdqpifi, ■■■, fq) be the set of the points {yi, ...,yq) G (R™')^ such that the points 
yi = f{xi), i = I, ■■■,q, belong to a d-plane in R™ parallel to some coordinate 
planes H* C H^. Let also 

Cd,t,T{fl,--,fq) = {{xi,..,Xq) G XiX..xXg : {f{Xl),..,f{Xq)) G Bd,t,T{fl,..,fq)}. 

Conjecture 4. Let the numbers ni, ...,nq,m, d,t,T satisfy the inequalities 0 < 
t < d < T < m, 0 < ni, 0 < Ug, ni + 1 + d < m, Uq + 1 + d < m, 
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d — t + 1 < q and 

ni + ... + Uq > {m — d){q — 1) — {T — d){d — t). 

Then, there exist e > 0 and maps fi'. M™, * = 1, ■■■,9, such that the set 

■■■, dq) is not empty for any maps Qi'. A”® —with each gi being 
e-close to fi, i = 1, ...,q. 

In the simplest case (g = 1, ni = 0, n 2 = m, d = 0), the statement of 
Conjecture 4 is exactly the Alexandrov theorem that the identity map of the 
ball onto itself is essential. For d = 0 Conjecture 4 is also true (see for example 
[2, Corallary 3], [7, Lemma 6.3, p.65]). In the case d = g — 1, t = 0ndT = m 
Conjecture 4 was proved by Boltyanski [6, Lemma 9] (this is the main ingredient 
in his proof that m>nk + n + k provided for some n-dimensional polyhedron 
X the set of /c-regular maps from X into is dense in (^(X, M’”)). 

Conjecture 5. Let the numbers ni, ...,nq,m, d,t,T satisfy the inequalities 0 < 
t < d < T < m, 0 < ni, ..., 0 < Uq, ni + 1 + d < m, ..., Uq + 1 + d < m, 
d — t + 1 < q. Then, there exist e > 0 and maps fi : A”* —M™, i = 1, ...,q, 
such that 

dimCrf,t,r(fi'i, + ... + Uq - {m - d){q - 1) + (T - d){d - t) 

for any maps gi ; A""* —with each gi being e-close to fi, i = I,..., q. 

For d = 0 the statement of Conjecture 5 was established in [2, Corallary 3]. 
We are going to hnish with the following problem, where denotes the 
n-dimensional skeleton of the A-dimensional simplex A^. 

Problem. Find all integers n, m, q, d, t, T with 0 < t < d < T < m, n-\-l-\-d < 

m, d — t -\- 1 < q, 

n > {m — n — d){q — 1) — {T — d){d — t) (n, m, q, d, t, T) 

and satisfying the following condition: There exists a number N such that for 
any mapping f: A^ —> we can find pairwise disjoint simplexes ai,..., a q C 

A^ whose images under f meet a d-plane C parallel to some coordinate 
planes 11* C 11^. 

Observe that, if the above problem has a positive solution for some numbers 

n, m, q, d, t, T satisfying the assumptions of the problem, then Theorem 2 can 
not be improved, not only on the level of a dense set of mappings, but also on 
the level of existence of one map with preimages having small cardinality, even 
in the class of polyhedra. Most of the results providing the existence of such a 
number N were established for d = 0: van Kampen and Flores [16], [10] (g = 2 
and N = 2n-\-2)] Sarkaria [21] (g prime and N = gn-|-2g —2); Volovikov [25] (g 
being a power of a prime number and N = gn -|- 2g — 2); Bogatyi [2, Corollary 
11] (g = n -|- 1 and N < 2n^ -|- 5n). Another result of Bogatyi [5] provides such 
Aford = g — l,t = 0, T = m with g being odd. Zivaljevic obtained [27] a result 
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about emdeddings of the graph Kq q into which implies a positive solution 
of the problem for n = l,m = 3,t = 0,T = 3,q = 4 and N = 11. 

lid = q — 1, q = 2,t = 0 and T = m, there is no any number N satisfying 
the conditions in the above problem, see [6]. 

The above problem can have a little different treatment: For a given family 
of integers n, q, d, t, T find the biggest number m for which such number N does 
exist. Then the qnestion to determine the smallest such number N is arising. 
In this case, more complicated is the description of snch minimal snbpolyhedra 
in . For n = 1, d = 0 and m = 2 the Kuratowski graphs and are 
minimal snbpolyhedra. 

Let us hnally note that there exist connections between the above problem 
and conjectures about different forms of the Tverberg theorem [27], [4]. It is 
also well known that /c-regular mappings are closely related to interpolation and 
approximation problems. In view of this, it is important to hnd applications of 
the mappings described by Theorem 1.5 and Theorem 1.7 in interpolation and 
approximation problems. 
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